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Abstract: In this paper we propose a special class of 3-algebras, called double-symplectic 
3-algebras. We further show that a consistent contraction of the double-symplectic 3- 
algebra gives a new 3-algebra, called an TV = 4 three-algebra, which is then identified 
as the exact gauged three-algebra in the A/" = 4 quiver gauge theories. A systematic 
construction is proposed for the 3-brackets and fundamental identities used in building 
up the AA = 4 theories, by starting with two superalgebras whose bosonic parts share at 
least one simple factor or U{1) factor. This leads to a systematic way of constructing 
new D = 3, A/" = 4 quiver theories, of which several examples are presented in detail. 
The general A" = 4 superconformal Chern-Simons matter theories in terms of ordinary Lie 
algebras can be also re-derived in our new 3-algebra approach. 
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1. Introduction 



In recent years, the construction of extended supersymmetric {M > 4) Chern-Simons- 
matter (CSM) gauge theories has received much attention, because they are candidate 
low-energy description of multiple M2-branes in M-theory |l|-|15]. There are essentially 
two different approaches: (1) The three-algebra approach ^, |^, 0, |l2|, 14, 15|, and 
(2) The ordinary Lie algebra approach [P, |5[ |6|, |^, p^ . 

Four years ago, a large class of A/" = 4 superconformal Chern-Simons-matter (CSM) 
theories were constructed by Gaiotto and Witten (GW) using a method that enhances 
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an A/" = 1 supersymmetry to A/" = 4. They also proved that the gauge groups of the GW 
theory can be classified in terms of classical supergroups. In Ref. the GW theory was 
generalized to an A/" = 4 quiver gauge theory by adding additional twisted hyper-multiplets; 
and the original M = 8 theory |2[ was reformulated as generalized GW theory with 5*0 (4) 
gauge group. In Ref. Q, some examples of the = 4 theories were derived by taking a 
conformal limit of D = 3 gauged supergravity theories. The progress on the J\f > 4 theories 
mentioned above was made by using mainly ordinary Lie algebras. 

The authors of the present paper have been able to develop the 3-algebra approach, 
which was originally proposed [||, ^ for constructing the D = 3, J\f = 6,8 CSM theories, into 
a unifying approach ||9|, 11, 15] that can be used to construct all known CSM theories 
with extended supersymmetries A/" = 4, 5, 6, 8. Our approach is based on introducing a 
symplectic form into the underlying 3-algebra, which we called a symplectic 3-algebra. 

We observed that the superspace formulation of the general AA = 4 CSM quiver gauge 
theories in our paper [^] is associated with a special class of symlectic 3-algebras. In this 
paper we present a general formulation of this class of symplectic algebras, and show that 
its consistent contraction gives a new class of symplectic 3-algebras, which can be used to 
construct the general A/" = 4 theories as well. We then construct some new A/" = 4 theories 
and recover all known A/" = 4 theories by using superalgebras to construct the 3-brackets 
and fundamental identities used in building up the M = 4 theories. It is also demonstrated 
that the general M = 4 theories in terms of Lie 2-algebras can be rederived in our 3-algebra 
approach. 

Generators of the 3-algebra in this class are a disjoint union of those of two symplectic 
sub 3-algebras, whose generators are Ta and T^/ (a = 1, • • • , 2i? and a' = I,-- - ,25), 
respectively. Hence we call it a double- symplectic 3-algebra. (Its contraction will give an 
A^ = 4 three- algebra.) In this paper we allow the number of generators in the two sub 
3-algebras to be unequal. The double-symplectic 3-algebra contains six independent 3- 
brackets whose structure constants satisfy eight independent fundamental identities (FIs) 
and possess certain symmetry property (see Section Q). The associated matter multiplets, 
called the un- twisted and twisted multiplets, take values in the two symplectic sub 3- 
algebras, i.e. 

^A = ^ATa and $^ = $«'r„,, (1.1) 

respectively, where A = 1,2 and A = 1,2 are indices for fundamental representation of the 
SU{2) X SU{2) R-symmetry group. 

Then in accordance with the general rules presented in previous papers ||l], ^, the 
general M = 4 theories can be built up by (partially) gauging the symmetry associated 
with the double-symplectic 3-algebra ||T^, if the structure constants satisfy certain reality 
conditions and constraint equations. Specifically, we defined carefully the symmetry trans- 
formations that were being gauged, so that after the symmetry transformations (^'k) 
still take value in the sub 3-algebra spanned by Ta (Ta' )■ Under this condition, in Ref. ||l2| 
we used only structure constants from four 3-brackets out of six 3-brackets in constructing 
the Af = 4 Lagrangian, and used only four FIs (see ( p. 15]) ) out of eight to demonstrate the 
closure of the gauged symmetry transformations. In this paper we formalize the gauged 
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symmetry as generated by a new 3-algebra, called the A/" = 4 3-algebra, as a contraction of 
the original double symplectic 3-algebra as follows: The = 4 three-algebra has the the 
same set of generators Tq and Ta' , with the following four 3-brackets remaining unchanged: 

[Ta-, Tb] Tc] = fab/Td, [Ta' , Tfe/ ; T^i] = fa'b'c''^ Td' , (1.2) 
[Ta-, Tb] Tc'] = fabc'^ Td' , [Ta' , Ty ] Tc] = fa'b'c'Td, (1.3) 



and the four FIs (see ( 2.15| )) remaining unchanged as well. But the structure constants 



of the remaining two 3-brackets of the M = A three-algebra are set to zero; we call this 
procedure as contraction of the starting double symplectic 3-algebra. The contraction turns 
out to be consistent in the sense that the remanining four FIs are automatically satisfied 
due to the vanishing structure constants. In this way, we identify the ad hoc symmetry that 



was gauged in our previous construction [12] of A/" = 4 theories as a 3-algebra symmetry 



generated by the resulting A/" = 4 3-algebra after the consistent contraction. 

We briefly describe how to construct the four sets of 3-brackets (|1.2[ ) and ( |1.3D and 
the four sets of FIs ( p. 151) in terms of two superalgebras. A sympelctic 3-algebra can be 



realized in terms of a superalgebra |12|. It is natural to introduce two superalgebras to 
realize the two symplectic sub 3-algebras. We first introduce a superalgebra G (see ( |4.3| )) 
to realize one of the two sympelctic three-subalgebras: 

Ta = Qa, [Ta,Tb;Tc] = [{Qa, Qb}, Qc]- (1.4) 

where Qa are fermionic generators of G. We have identified the generators of the sub 
3-algebra with the fermionic generators of G and constructed the 3-bracket in terms of a 
double graded commutator on G. In this realization, one can formulate the fundamental 
identity (FI) of the sub symplectic 3-algebra as the M^M^Qc Jacobi identity of the super- 
algebra G {Mu are the bosonic generators of G), and the constraint equation f(^abc)d = 
required for enhancing the TV = 1 supersymmetry to TV = 4 is equivalent to the QaQbQc 
Jacobi identity, and the structure constants fabc'^ satisfy the correct symmetry and reality 
conditions as well. Similarly, we introduce another superalgebra G' to realize another sub 
symplectic 3-algebra: 

Ta'=Qa', [Ta' ,Tb';Tc'] = [{Qa' ,Qb'},Qc']- (1.5) 



Finally, it is natural to construct the 3-brackets (O) in terms of double graded com- 



mutators defined on the superalgebras G and G' , for instance, 

[Ta,Tb;Tc'] = [{Qa,Qb},Qc']. (1.6) 

In order that there are non-trivial interactions between the twisted and un-twisted multi- 
plets, we must require that 

[Ta,Tb;Tc'] + 0, [Ta'.Ty.TcX + 0. (1.7) 

As we will prove, a sufficient condition for [{Qa, Qb}, Qc'] 7^ and [{QaS Qb'li Qc] 7^ is 
that the bosonic parts of G and G' share at least one simple factor or UiX) factor. Two 
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fundamental identities obeyed by the two structure constants of the two 3-brackets in ( |1.3| ) 
(see the second and third equation of ( 2.15[ )), follow from the M^M^Qei and M^'M^tQ^ 



Jacobi identities, respectively. Here M„/ are bosonic generators of G' . In this realization, 
the Lie algebra of the gauge group of the A/" = 4 quiver theory is the bosonic subalgebras 
of G and G' , and the corresponding matter representation is determined by the fermionic 
generators Qa and Qb'. For example, we may choose G = OSp{2\2N) and G' = U{M\1), 
whose bosonic parts Sp{2N)xU{l) and U{1) x U{M) share a common factor S0{2) = U{1). 
Then the resulting gauge group is Sp{2N) x C/(l) x U{M), and the un-twisted multiplet 
is in the bi-fundamental representation of Sp{2N) x U{1), while the twisted multiplet is in 
the bi-fundamental representation of U{1) x U (M). This example is one of our new A/" = 4 
theories. Some new = 4 theories may contain free parameters; we construct two infinite 



classes of new theories of this kind in Sec. 5.3 and Sec. 



The superalgebras G and G', whose bosonic parts share at least a simple factor or a 
U{1) factor, are interested in their own right. In a coming paper we will propose a 
procedure to "fuse" certain G and G' into a single closed superalgebra. 

This paper is organized as follows. In section ^, we introduce the double-symplectic 
3-algebra and the J\f = 4 three-algebra, and review the A/" = 4 theories based on the 3- 
algebras in section ^. In section we construct the four sets of 3-brackets (|l.2|) and ( pT^ ) 
and the four sets of FIs ( 2.15| ) in terms of two superalgebras, (We also comment the rest 



two 3-brackets and four FIs which do not play roles in constructing the AA = 4 theory.) 
and the subsequent section |5| is devoted to present the construction of a number of new 
classes of A/" = 4 theories. In section ^ the general A/" = 4 CSM theories in terms of 
ordinary Lie algebras are derived from their 3-algebra counterpart. In section]^, we recover 
all known examples of AA = 4 theories, and produce more new examples. We end in section 
|8| with conclusions and discussions. We summarize our conventions in Appendix The 
commutation relations of some superalgebras used to construct symplectic sub 3-algebras 
are given in Appendix ^. 

2. Double-Symplectic 3- Algebra and M = A Three-Algebra 

In this section, we introduce the two classes of 3-algebras mentioned in Section |^. Both of 
them can be used to construct the general A/" = 4 quiver gauge theory. We first introduce 
the double-symplectic 3-algebra whose generators are the disjoint union of those of two 
sympelectic sub 3-algebras. We then introduce the J\f = 4 three-algebra as a consistent 
contraction of the double-symplectic 3-algebra. The self-consistency of the J\f = 4 three- 
algebras is revealed explicitly. 

We denote the generators of the two sub 3-algebra as Tq and T^/ , respectively, where 
a = 1, • • • , 2R and a' = 1, ■ ■ ■ , 25. To define two symplectic sub 3-algebras, one must 
introduce two invariant anti-symmetric tensors 

ujab = ^iTa,Tf,) and w^'fe' = '^(^'a', (2.1) 

into the two sub 3-algebras, respectively. We denote their inverses as and cj^''^', satis- 
fying LOab^^'^ = ^a'b'<^^''^' = ^a' ■ ^^'^ ^"^^ required to be invariant under the 
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transformations ( 2.18 ) and ( 2.19| ), respectively. The antisymmetric tensors ui will be used 
to lower or raise the indices. Also, we require that the unprimed and primed generators to 
be symplectic orthogonal, in the sense that 

oj{Ta,n,)=uj{n',Ta) = 0. (2.2) 

Since and Ta' form a complete basis, the general 3-bracket on this 3-algebra can be 
defined as 

[Ti,Tj; Tk] = fuK^^Td + fijK'^ Td' (2.3) 

where Ti,Tj and Tk are arbitrary three generators selected from the 3-algebra; each of 
them can be a primed or an unprimed generator, for instance, 

Tj = {TaOrTa>). (2.4) 

The basic property of the 3-bracket of symplectic 3-algebra is that it is invariant if we 



switch the first two generators [11|, i.e. 

[Tj,Tj;TK] = [Tj,Tr,TK]. (2.5) 
And we assume that the structure constants satisfy the symmetry condition 

u;{[Ti,Tj;Tk],Tl) = co{[Tk,Tl;Tj],Tj). (2.6) 
The generators are required to satisfy the fundamental identity: 

[Ti,Tj; [Tm,Tn;Tk]] = [[Tj,Tj; Tm],Tn;Tk] + [Tm , [Ti,Tj; Tn];Tk] + [Tm ,Tn; [Tj, Tj;Tk]]. 

(2.7) 

The FI plays an analogous role as the Jacobi identity of an ordinary Lie algebra. Substi- 
tuting ( |2.3| ) into (|2.7]), we obtain the FI satisfied by the structure constants: 



qmnk'^ Quo'" = giju'^goNK^ + gijN^ qmok^ + gijK^ qmno^ ■ 



We can the 3-algebra defined by Eqs. (|2l|), (U), (U), dJ), (U) and (|2J) a douhle- 
symplectic 3-algebra. 

Taking account of (2^) and ( |2.5D , we see that Eq. ( |2.3| ) represents six independent 
3-brackets. Since the two sets of generators Ta and Ta' span the two sub 3-algebras respec- 
tively, the 3-bracket of three unprimed (primed) generators must be a linear combination 
of unprimed (primed) generators, i.e. 

[Ta,Tb;Tc] = fab/Td and [Ta' ,Tb/;Tc'] = fa't'c''^ Td' . (2.9) 

Comparing ( |2.9D with the general definition of 3-bracket ( ^.3]) , we notice that 

fab/ = fa'b'c''^ = 0. (2-10) 
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For the rest four 3-brackets, every one contains one primed (unprimed) generator and two 
unprimed (primed) generators. However, taking account of ( |2.2| ), (|2.5| ), ( |2.6[ ) and ( 2.1C| ), 



we find that the four structure constants carrying three unprimed (primed) indices and one 
primed (umprimed) vanish, i.e. 

fabc'^ = fa'b'c^ = fab'c'^ = fba'c'^ = 0. (2-11) 

So these four 3-brackets are given by 

[Ta,Tb;Tc'] = fabc'^ T(i', [Tai.,Ty;Tc] = fa'b'^Td, (2-12) 
[Ta, Ty ; rj = fab'c' Td' , [T^/ ,Ti,;Tc'] = fba'd'^Td- (2-13) 

Eqs ( ^loD , ( lUlp and (|^ imply that 

fijKL = Iklij, (2-14) 

where fabcd = ^defabc" and fabdd' = ^^d'e'fabc^ ■ 

Taking account of (|2.5|) and (|2.6D , Eq. (|2.8|) is decomposed into eight independent FIs. 
The four subsets of FIs which do not involve fab'cd' are given by 

fabe^fgfcd ~l~ fabf^fegcd fefd^fabcg fefc^fabdg 0) 

fabe^fgfc'd' + fabffegc'd' " fefd'^ fabc'g' " fefc'^ fabd'g' = 0, (2-15) 
fa'b'e^ fgfc'd' + fa'b'f^fegc'd' — fefd'^ fa'b'c'g' - fefc'^ fa'b'd'g' = 0, 
fa'b'e'^ fg'f'c'd' + fa'b'f'^ fe'g'c'd' " fe'f'd'^ fa'b'c'g' " fe'f'c'^ fa'b'd'g' = 0. 

The other four subsets of FIs involving fab'cd' are given by 

fac'b'^ fefd'g' = fefa'^fdc'bg' + fefc''^ fad'bg' + f efb^ f ac' dg' i 

fac'b'^ fef'gd' = fef'a^ fd'c'bg + fef'^c'fadbg + fef'b'^ fac'gd'i (2-16) 
fac'b'^ fe'f'd'g' = fe'f'a^fdc'bg' + fe'f'c''^ fad'bg' + fe'f'b'^fac'dg'i 
fad'^g'fef'db' = fef'a^ fd'c'g'b' + f e f'^ d f adg' b' + fef'^'g'faddb'- 



In the previous construction of the A/" = 4 theories [T^ , we assumed that the variation 
of a 3-algebra valued superfield <I> takes the form 

6^^ = A'^''[r„rfe;«>] + A°''''[r,,,rf,,;$], (2.17) 

where ^> can be either an untwisted superfield $ = ^'\Ta or a twisted superfield 4> = <I>^'Ta'. 
The infinitesimal parameters A"'' and A" ''' are independent of superspace coordinates. In 
terms of components, Eq. ( p. 17 ) can be written as 



= A'^'fabc'^n + A-'"' fa,,,/<^% (2.18) 

^, ^d' ^ A'^''/afec'''<^>l + A'''''fa'b'c''''^i (2.19) 

We also assumed that the action is invariant under the symmetry transformation (|2.17| ); 



and the symmetry will be gauged later |12 
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Eq. ( 2.17] ) is obviously not the most general possibility, since one may add another 
term like 



A''''[Ta,nr,^]=6,^ (2.20) 



to the right hand side of ( 2.17] ). However, substituting <I> = ^'\Ta into ( |2.20) ) and using the 



first equation of ( |2.13] ), we obtain 

A'^'''[r„rf,,; c^^Tj = A''''fab'/Td"^% (2.21) 

The right hand side indicates that (5^^<I>^ does not take value in the sub 3-algebra spanned 
by the unprimed generators anymore, i.e. 5^^<1>a ^ (5^^<l>)^rc, which conflicts with our 
basic assumption that = ^^Ta- We therefore must exclude this term by setting either 
A'^^' = or fab'/ = 0. 

• If we set we will gauge the symmetry defined by the symmetry transforma- 

tion ( |2.17] ) , which is only part of the full symmetry generated by the double-symplectic 

."^-alcrplirp 



3-algebra. 

If we set fab'/ = 0, using ( ]2.6] ) and (^), we obtain fab'd'^ = 0, implying that 
^A^^A ~ ^' "^^^ I16W 3-algebra, obtained from the double-symplectic 3-algebra by 
setting fab'/ = fba'd'^ = while keeping the rest structure constants unchanged, will 
be called an M = A three- algebra. It is in this sense that we obtain the Af = 4 three- 
algebra from the double-symplectic 3-algebra by a contraction. This contraction is 
consistent, since by setting fab'/ = fba'd'^ = 0, the other four subsets of FIs ( 2.16| ) 



are automatically satisfied. The only difference between these two 3-algebras is that 
in the N = A three algebra, fab'/ and fba'd'^ strictly vanish, while in the double- 
symplectic 3-algebra, generally speaking, they do not vanish. 



Having defined the symmetry transformations ( 2.17] ) and ( 12.20) ) , we now want to exam- 



ine the invariance of ujab and uja'b' under these transformations. Since Ta form a complete 
basis of the symplectic sub 3-algebra, the antisymmetric tensor uj^d must be invariant under 
the transformation: 

5j^U,d = ^""'ifabc'uJed + fabd'^ce) = 0, (2.22) 

In order that oj^d is also invariant under the transformation ( |2.18 ), one must require that 



'^Aj'^ccZ = A° * {fa'b'c'-^ed + fa'b'd^^ce) = 0. (2.23) 



Eqs (]2.22| ) and ( |2.23D are equivalent to fabcd = fabdc and fa'b'cd = fa'b'dc, respectively. 



Similarly, we obtain fa'b'c'd' = fa'b'd'd and fabdd' = fabd'd by requiring the transformations 
to preserve ijJdd' ■ These equations are consistent with Eq. ( ]2.6| ). In the case of the double 
symplectic 3-algebra, using ( |2.2D , it is not difficult to prove that 

(^As^cd = ^x^i^c'd' = 0, (2.24) 
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where S^^ is defined by Eq. ( 2.2[l|) . Eqs. ( p. 221) ~ ( p. 24 ) indicate that uicd i^c'd') is not 
only an invariant tensor on the umprimed (primed) sub 3-algebra, but also an invariant 
tensor on the double-symplectic 3-algebra. In the case of the M = A three-algebra, Eqs. 
(2.24) are satisfied automatically due to the fact that fab'c^' and fba'd'^ strictly vanish. 



By substituting <I> = ^'^Ta and $ = ^'j.Ta' into ( 2.17 ), respectively, we see that the 



symmetry transformations involve only the four subsets of structure constants 



1. 



abc 



a'b'c' , 



abc' 



and /, 



a'b'c 



(2.25) 



Therefore, only four subsets of structure constants appear in the action and the supersym- 
metry transformations (see ( |3.4| ) and ( |3.5| )) |T^. In summary, these structure constants 
enjoy the symmetry properties (see (|2.5|) and (^)) 



fabcd — fbacd — fbadc — fc 
fabc'd' = fbac'd' = fbad'c' = fc'd'ab, 
fa'b'c'd' = fb'a'c'd' = fb'a'd'c' = fc'd'a'b' , 



and satisfy the reality conditions [ p^ 

j?*a c j^b d f*a' c ^ 

/ b d — J a ci J b' d — / 



*a' c rb' d f*a' c! fb' d' 

" ~ c, / b' d' = J a' c', 



(2.26) 



(2.27) 



for guaranteeing the positivity of the theory. In addition, in order to close the TV = 4 super 
Poincare algebra, we need to impose the linear constraints on fabcd and fa'b'c'd' 



f{abc)d = and f(a'b'c')d' = 0. 



(2.28) 



Since we use the structure constants ( 2.25 ) to construct the A/" = 4 theory, they must 
be invariant under the symmetry transformation ( |2.17| ), i.e. 



S\fabcd — ^f^fabc'd' — ^\fa'b'c'd' — 0, 



(2.29) 



A short calculation shows that the four subsets of FIs (2.15) are equivalent to Eqs. ( 2.29] ). 
In particular, Eqs. ( |2.29 ) do not involve the other four subsets of FIs ( p. 16 ) at all. 

Thus, to construct the A/" = 4 gauge theory, we only need the four subsets of 3-brackets 
( ]2.9| ) and ( |2.12| ), together with the four subsets of FIs ( 2.15| ) associated with them. In other 
words, we need only to gauge the symmetry generated by four sets of 3-brackets ( p.9[ ) and 
( |2T2D and the four sets of FIs pTS] ). Later we will have chance to comment on the two 
other subsets of 3-brackets ( |2.13| ) which do not appear in the action and supersymmetry 
transformations, and the involved four sets of FIs ( |2.16| ). (See the last paragraph of Section 
i- 



^Because of the symmetry condition fabc'd' = fc'd'ab (see (2.26)), there are only three independent 
subsets of structure constants. 
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3. Construction of A/^ = 4 Theories Based on 3- Algebras 



In this section, we will present the M = 4 theories constructed by gauging part of symmetry 
generated by the double-symplectic 3-algebra, or from another point of view, constructed in 
terms of the TV = 4 three-algebras following the procedure proposed in The un-twisted 
multiplets {Z'^,ip'^), valued in the sub 3-algebra, satisfy the reality conditions 

AB ryh jA AB ryh fO t\ 

Za =^abe Zb, Ipa = ^ab^ Z (3.1) 

where A, A = 1,2 transform in the two-dimensional representation of the SU{2) x SU{2) 
R-symmetry group. And the twisted multiplets {Z'^,'ijj'^) satisfy similar reality conditions. 
The gauge fields and the covariant derivatives are defined as 

DimZ^ = d^Z^ - AffdZc, A^^'d = A'^^fab'^d + fa'b'^d, (3.2) 

^f^Zd^ = d^Z^ — Ji^^ d'Z^, Afj,^ d' = A'^^ fa'b'^ d' + A^fab'^ d'- 

Here A^ and A^^' are independent Hermitian tensors. In this way, we have gauged the 
symmetry associated with the transformation ( |2.17| ), i.e. the symmetry generated by the 
four subsets of 3-brackets Q and (|t|) and the four subsets of FIs (|t|). The FIs (|2T^ ) 



can be also derived by requiring that all structure constants are gauge invariant quantities, 
i.e. 

D^fabcd = D^fabc'd' = D^fa'b'c'd' = 0. (3.3) 

The TV = 4 Lagrangian, derived from a superspace approach, is given by 

-'-{facbdZ%Z''%i;^'' + f^^.^b'd'Zp^Uii^''''') 
+lfabc'd'{ZlZ'B^^''i,''''' + Z^'^V-^^"^' + 4Z1Z^'^V^V'^'=') 

+ \e^''\fabcdAfd,Af + ^A,,5/,de/<^^"Af) 

+ ^e'^'^'(/a'6'c'd'<''9.A^'' + Ifa'b'/fg'd'e'f'AfAi'^'Aif') 

+e^^''\fabc'd'Afd,Ai''' + fabc'fgde'fAfAfAif + /afec'^'/.'d'e'/'^^'J''^^') 
+ ^{fabcJ'desZ^^Z'BZ''^^Z'^Z^^Z{ + U>b'c','f' d'e'S'Z^'^' Zl^^^^^ 

^(f fq' ryAcI ryd' ryb ryDf rya ryCc i f fC ry Ac ryd ryb' ry D f rya' ryC e' \ 

-^[Jabc'g'j d'efZ Zj^Zj^Z ' ZqZ + Ja'b'cgJ de' f Z Zj^Z^Z ' Z^Z ). 

(3.4) 
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And the TV = 4 supersymmetry transformations are 



B 1 r^b' ryBc' ryd' C , fa' ryb' rySc ryd ^ A 



^i^A = -l^D^Z^^eA - -f"' b'c'd'Z^Z " Z^eA + f"' b'cdZ^Z "Zy^es 

d^A = -l^D,Z%eY - ^-rb,dZ%Z^'Zie\^ + P b,. Z\Z^'' Z'^e^ , 

<5i/d = ie''''^^^\ZlUd + ie^^''-f^^'BZifa'b''d, 

= ie^^l.i^^ZyJ^, + iet^^7^^^Z^7a'fe''='d'. (3.5) 

EA^ satisfies the reality condition 

e A - ^Ab^c ■ (-3.5) 



We have expHcitly verified the closure of the above TV = 4 superalgebra |T^. 

If the twisted and untwisted multiplets take values in the same symplectic 3-aIgebra, 
for instance, ^a = ^A^a and = <5^Ta, the TV = 4 supersymmetry can be promoted to 
TV = 5 (see section ^). 

4. Superalgebra Realization 

In this section, we will first demonstrate how to use two superalgebras to construct the four 
sets of 3-brackets ( ^.91) and ( 2.12| ) and the four sets of FIs ( p. 151) ; we will then comment on 
the two other 3-brackets ( |2.13| ) and the related four sets of FIs ( |2.16| ), though we do not 
really need ( |2.13| ) and ( p. 161) in constructing the theories. 

Let us first briefly review the superalgebra construction of the symplectic 3-algebra in 
the TV = 5 theory [||]. In the TV = 5 case, we have used the following superalgebra 

M"] = C'"^M^ Qr] = -t^s^'^^Qt, {Qr, Qs} = T^skmnM'^, (4.1) 

to realize the symplectic 3-algebra. Here R = 1, • • • , 2L, and u^'^ = —u'^^ and kmn are 
invariant quadratic forms on the superalgebra. The key idea of the superalgebra realization 
of 3-algebra is to identify the 3-algebra generators Tr with the fermionic generators Q/j, and 
to construct the 3-brackets in terms of double graded commutators on the superalgebra, 
i.e., 

Tr = Qr, [Tr,Ts;Tt] = [{Qr,Qs},Qt]- (4.2) 

In this realization, the FI of the 3-algebra can be converted into the MMQ Jacobi identity 
of the superalgebra, and the constraint equation f{^RST)u — enhancing the TV = 1 
supersymmetry to TV = 5 is equivalent to the QQQ Jacobi identity of the superalgebra. The 
resulting Lie algebra of the gauge group is just the bosonic subalgebra of the superalgebra 
(|4.1| ), and the corresponding representation is determined by the fermionic generators. 

As for the TV = 4 case, since both the double-symplectic 3-algebra and the TV = 4 
three algebra contain two sub symplectic 3-algebras taking the same form as the sympletic 
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3-algebra in = 5 theory, it is natural to introduce two superalgebras G and G', taking 
the same form as (p|), to construct the two sub symplectic 3-algebras, respectively. Hence 
the superalgebras G and G' are given by 

[M\M^] = r^M^, [M^Q,] = -r>''^Qe, {Qa,Qb} = r^.KvM^ (4.3) 

and 

(4.4) 

respectively. Here a = ,2R and a' = I,-- - ,25"; w"* and ^ are invariant anti- 

symmetric tensors whose inverses are denoted as u^c and u^'c', satisfying uj°-^uji,c = 5" and 

are invariant symmetric forms whose inverses are denoted as 
k^^ and k^'w', satisfying kuvk'"^ = 5"^ and ku'v'k^'^' = S^' ■ More explicitly, these bilinear 
forms are defined as [^] 

COab = ^{Qa,Qb), OJa'b' = ^{Qa',Qb'), A:™ = -k(M", M") , P'"' = -/^(M"' , M"' ) , 

(4.5) 

which are invariant ^] in the sense that 

K{[A,B},C) = KiA,[B,C}), k{[A',B'},C') = k{A',[B',C'}), (4.6) 

where A = Qa or M", and A' = Qa' or M"'. For example, 

i^aQa, Qb}, M-) = K{Qa, [Qb, M-]), k([M", M-) = k(M«, [M^ M-]). (4.7) 

(The minus sign on the RHS of the third equation of (|4.5| ) is determined by the first 
equation of (4/7) and the convention that r^^ = uJacT'"'^b-) 

In analogue to (|4.2| ), we construct the 3-brackets in ( p. 9]) as follows 



Ta = Qa, [ra,Tb;Tc] = [{Qa,Qb},Qc] = fabc'Qd, (4.8) 
7a' = Qa', [7a',T'fc/;Tc/] = [{Qa' , <3fe' }, <5c'] = fa'b'c'^ Qd'- 

We note immediately that 

/afec'^ = fa'b'c''^ = 0, (4.9) 

i.e. Eqs ( 2.10 ) are indeed satisfied. 

As we introduced in Section it is natural to construct the two 3-brackets ( 2.12| ) in 
terms of the two double graded commutators on G and G': 

[Ta,n;T,,] = [{Qa,Qb},Qc'], [Ta',nr,T,] = [{Qa',Qb'},Qc]. (4.10) 

They must satisfy two crucial conditions. First, there is a physical requirement: To guaran- 
tee non-trivial interactions between the twisted and untwisted multiplets, we must require 
that 

fabc'''' + 0, h'b'c^ + 0. (4.11) 
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Secondly, we require that 



fabc' — fa'b'c — 0. (4-12) 

(See Eqs. (p.ll ).) We will demonstrate that the above two conditions can be satisfied 
simultaneously by imposing certain conditions on the bosonic parts of G and G'] then we 
will be able to prove Eqs. ([2.21): 



Uj{Ta,Ty)= K{Qa,Qb')=Q, Uj{Ty ,Ta) = K{Qb' ,Qa) = ^. (4.13) 

Let us first examine [{Qa:Qb}^Qc']- Using (^^), a short computation gives 

[Ta,n;T,,] = [{Qa,Qb},Qc'] = A:„,r,"JM^Q,,]. (4.14) 
So requiring that fabd'^' 7^ and fabd'^ = is equivalent to requiring that 

[M^,Qc'] = T^'''c'Qd' (4.15) 

with t'"'^' c' 7^ 0, which means that the set of fermionic generators Qc' furnish a nontrivial 
representation of M"" . 

It is sufficient for that r^'^'c' 7^ if the Lie algebra spanned by share at least one 
simple factor or U (1) factor with the Lie algebra spanned by M^'. To prove this statement, 
we denote the generators of the common bosonic part as M^, i.e. schematically, 

M3 = M'" r\ M'"' . (4.16) 

(It is also allowed that C M^, c M"' and = T^hM^ with T^h an invertible 
complex matrix (see Section 5.2 for an example).) Decompose M'" and M"" as 

M^ = (M°,M9), M^' = (M"',M5), (4.17) 

where [M",MS] = [M'^\M9] = [M",M"'] = 0. (Here a is not an index of spacetime 
spinor.) And we assume that at least one of the two commutators [M", Qa] and [M"', Qa'] 
does not vanish, i.e. we exclude the possibility that 

[M°,Q,] = [M°',Q,,] = 0. (4.18) 



We can further sharpen Eqs. (4.16) and (4.17) by requiring that 

[M"',Q,] = 0, [M",Q„,] = 0. (4.19) 

Now we assume that the superalgebra G' is simple^. If [M^,Qc'] = 0, then the Lie 
algebra defined by must be an invariant subalgebra of the superalgebra C, which 



^The definition of a simple superalgebra is analogous to that of a simple Lie algebra: A simple super- 
algebra is a superalgebra without any invariant proper sub-superalgebras. A sub-superalgebra T is called 
invariant if the commutator or anti-commutator of any generator of the whole superalgebra <S with any 
generator of the sub-superalgebra is still in I, i.e., [X, Y} C T, (X d S,Y C I). 
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contradicts our assumption that G' is a simple superalgebra. We therefore must always 
have 



[M^Q,,] = [M^Mc] = r^^'c'Qd': r^^'c + 0. (4.20) 

If G' is not simple, the right hand side of Eq. ( [4.15| ) still does not vanish, provided that 
the common part is not the center of G' . 

Similarly, we can demonstrate that the second equation of (4.11) and the second equa- 
tion of ( [4.12| ) are obeyed under the same conditions imposed on G and G' . Now Eqs. ( 4.1C| ) 
become 

[7a, 7],; ^c/] = WQaiQhSiQA = fabc''^ Qd', 

[Ta' ,Tbr,Tc\ = [{Qa' ,Qb'},Qc] = fa'b'c'Qd- (4-21) 

We see that the conditions ( fl.ll ) and (|4.12D are satisfied. 

We now want to prove that Eqs. ( 4.13 ) are also satisfied. Consider the following 
equation 

«([{Qa, Qb}, Qc],Qd') = '^([{Qa, Qb}, Qd'],Qc). (4.22) 

A short computation gives 

kuvr:^{T'')''ci^dd' = {KpT:,r^''c + kghr'^bi^'')^c)oJdd' = kghr'abi^'^r' d'U^c'c, (4.23) 

where ujdd' = i^iQd, Qd')- We have decomposed kuv into kuv = {ka/s, kgh)] in the most right 
hand-side, we have used the second equation of ( 4.19| ). Raising the index c, the above 
equation can be written as 

kuvr:,{Trdu:''d' = {ka^r^br'^'d + kghr',,ir'^rd)u^''d' = uj^^ikghT^Jr^y' d,), (4.24) 
where uj'^d' = w'^'^Wed' . 

Recall that we exclude the possibility that the two commutators [M°^, Qa] and [M" , Qa'] 
vanish identically (see Eqs ( [4.18| )). Without loss generality, we assume that [M°',Qc] = 
{r'^YcQd + 0. In other words, {j'^Yc + 0, i.e. it is a nontrivial (and irreducible) rep- 
resentation of M" furnished by the fermionic generators Qd- However, the right hand 
side of ( 4.23| ) indicates that Qd' furnish a trivial representation of in the sense that 
{t°^Y d' = 0- In summary, kuvT^\,{j^Y c and kghT^^^ij^Y d' are nonequivalent and irreducible 
representations^ of {Qa^Qb) furnished by Qc and Qd'-, respectively. Apply Schur's Lemma 
to equation ( [1.24D , we have immediately uj'^ d' = 0. Hence lo^d' = on account of that u'^^ 
IS nonsmg ular. So Eqs. (p^ ) are satisfied. 



^Generally speaking, the set of generators Qc = Q^j, furnish a bi-fundamental representation of the 
anticommutator {Qa,Qh\ = (T-a)abM° + {Tg)abM^, in the sense that [{Qa,Qb},Qc] = {ra)abiM"y (.Q^.^ + 
i''~g)ab{M^y^.Q^j^. Here k and k are fundamental indices of Af* and M°' , respectively. The two Lie algebras, 
spanned by M" and respectively, are distinct and have nothing in common; the fundamental indices k 
and k are distinct as well. So this bi-fundamental representation is irreducible. On the other hand, since 
[M", Qd'] = 0, Qd' only furnish an irreducible representation of {rg)abM^ . (See section ^ and section |^ for 
many examples.) 
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Substituting ( 4.15 ) into the first equation of ( 4.10| ) gives the structure constants 



/afcc'd' = V^fA, (4.25) 
Using ( |4.3| ) and (4.4), a short calculation gives the structure constants of 3-brackets in ( [4.^ ) 

fabcd = kuvTabTcd^ fa'b'c'd' = ku'v'Ta'b''^c'd' ■ (4.26) 



The structure constants ( [4.25D and ( 4.26 ) possess the desired reality and symmetry prop- 
erties. The QaQbQc iQa'Qb'Qc') Jacobi identity implies that f(^abc)d = if(a'b'c')d' = 0) 
guaranteeing that the supersymmetry can be enhanced from TV = 1 to TV = 4. 

The four sets of FIs in ( ^l5|) are equivalent to the WM^Qa, M'^WQa', M'^'U^'Qa 
and M" Qa' Jacobi identities, respectively. For instance, by using Eqs. ([4. 8]) and 



(4.21), it is not difficult to prove that the following equation (as one of equations (|2.7D) 



[{Qa, Qb}, [{Qc, Qd}, Qa 



[{[{Qa,Qb}, QciQd}, Qa'] + [{Qc, [{Qa, Qb}, Qd]}, Qa'] 
+ [{Qc,Qd},[{Qa,Qb},Qa']] (4.27) 



is equivalent to the second FI of ( p. 15 ). On the other hand, using the superalgebras 
and ( [4. 41) , one can easily convert the above equation into the M'^M^Qa' Jacobi identity 



r:brcdi[Mv, [Mu,Qa']] - [M„, [M„Q„,]] + [[M„, M,], Q„,]) = 0, 
where we have used the equation 

7 , fXW ,1 1 fXW _ Q 



(4.28) 



(4.29) 



which is equivalent to the second equation of (4.7) on account of that A:™ is invertible. 
Therefore the second FI of ( 2.15] ) is equivalent to the M^M'"Qa' Jacobi identity. Using 
Eqs. ( p^ ) and ( p^D , Eq. (|]2|) becomes 



' ab 



T^a{[Mh,[Mg,Q, 



[Mg, [Mh,Qa']] + [[Mg,Mh],Qa']) = 0, 



(4.30) 



which is of course obeyed, since the M"" Qa' Jacobi identity is obeyed and C M" . 

In this realization, the un-twisted and twisted multiplets take values in the bosonic 
subalgebras of the superalgebras ( |4.3| ) and ( [4.4[ ), respectively; and the representations of 
the bosonic parts (O) and ( |4.4| ) are determined by the fermionic generators Qa and Qa', 
respectively. 

Here we have to emphasize that so far we have constructed only the four structure 
constants of the 3-brackets ( |2.9| ) and ( 2.12| ) in terms of tensor products ( |4.26| ) and ( 4.25| ) 
on the superalgebras G and G', respectively, and solved the four sets of FIs ( |2.15 ) of the 
double-symplectic 3-algebra in terms of certain Jacobi identities of the superalgebras G 
and G' . These constructions are sufficient for the purpose of classifying the gauge groups 
of the TV = 4 theory (see Section (0)). 



We now would like to comment on the rest two 3-brackets ( 2.15 ) and the rest four 
FIs ( |2.16| ), though they do not play any role in constructing the theories. In the case of 
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double-symplectic 3-algebra, we will demonstrate that at least in the special case of that 
G and G' can be 'fused' into a single closed superalgebra (the fusion procedure will be 
introduced in a separated paper ll), Eqs. and can be constructed in terms 

of super algebras as well. 

In the case of double-symplectic 3-algebra, under the condition that G and G' can be 
'fused' into a closed superalgebra, the rest two 3-brackets Eqs. ( p. 13 ) can be constructed 
in analogue to Eqs. ( |4.8| ) and ( [4.101 ), i.e. 

[Ta,Tf,r,T,] = [{Qa,Qb'},Qc], [Ta',n;T,,] = [{Qa',Qb},Qc'], (4.31) 

where we have use the fact that the disjoint union of the two sets generators Qa and Qa' 
form a complete fermionic basis of the "fused" superalgebra u^- In summary, we have 



Ti = Qj, [Ti,Tj;Tk] = [{Qi,Qj},Qk], (4.32) 
where the index I = a or a' . Using the first equation of Eq. (4.7), it is easy to prove that 

<[{QaM. QclQd) = ^{{Qa, Qb}. {Qc, Qd}). (4.33) 
Generally speaking, the following equations 

k{[{Qi, Qj}, QkIQl) = ^^{{QK, Ql], {Qi,Qj}) = ^^{[{QK, Ql}, QiIQj) (4.34) 
hold. The above equations imply that ( |2.6| ) is obeyed by the construction 

uj{[Ti,Tj-Tk],Tl) = k{[{Qi,Qj},QkIQl)- (4.35) 



Using ([4.9|), ( |4.34 ) and ( [4.13| ), we obtain fab'c^ = fa'bd'^' = 0. In summary, we have 



fa 



f d' f d f 
Ja'bc' = labd = Ja'b', 



fabc — fa'i 



0, 



(4.36) 



which are nothing but Eqs. ( CT) and (|2lo|) . Combing (|3|), (|43^ ) and (HI), one can 
prove that ( p. 14 ) is also satisfied. The first two equations of Eqs. ([4.36| ), i.e. /at'c'^ = 
fa'bc'^' = 0, imply that the two structure constants associated with the brackets ( 4.31j ) are 
given by 



[Ta,Ti,';Tc\ — [{QaTQb'},Qc\ — fab'/ Qd'-, 
[Ta' ,Tb\Tc'] = [{Qa',Qb},Qc'] = fa'bd'^Qd- 

Define the anticommutator of Qa and Qy as 

{Qa,Qb'] = t'^b'Mu, 



(4.37) 



(4.38) 



where are a set of bosonic generators. We have to emphasis that we have not introduced 
any new generators into the "fused" superalgebra except M" [|^]. So the generators of the 
"fused" superalgebra are consisted of by the generators of G and G\ as well as M^- Every 
Jacobi identity of the "fused" superalgebra is obeyed. In particular, the Jacobi identities 



[{Qa,Qb'},Qc] + [{Qa,Qc},Qb'] + [{Qc,Qb'},Qa] = 0, 
[{Qa',Qb],Qc'] + [{Qa',Qd],Qb\ + [{Qd,Qb],Qa'] = 



(4.39) 
(4.40) 
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are satisfied. In other words, we have the identity 



fab'cd' + fcb'ad' + facb'd' =0 Or T^bi{Tu)cd' + T'^b'iju)ad' + TiciTg)b'd' = 0, (4.41) 



which follows from (4.38) via ( [4.39| ) or ( [4.4[1| ). Therefore these structure constants (or the 



corresponding 3-brackets) are not independent in this special case. 

Also, under the condition that G and G' can be 'fused' into a single closed superalgebra, 
it is not difficult to prove that the four FIs ( 2.16| ) involving fab'cd' can be converted into 



certain Jacobi identities of the "fused" superalgebra. These Jacobi identities involve the 
bosonic generators Mu defined in Eq. ( 4.38| ). In this way, the whole double-symplectic 3- 



algebra can be realized in terms of "fused" superalgebras; however, we are not sure whether 
it can be realized in terms of G and G' or not, if G and G' cannot be 'fused' into a single 
closed superalgebra. We therefore leave it as an open question. 

In the case of A/" = 4 three-algebra, the two structure constants fab'c'^ and fab'c''^, 
vanishing identically, cannot be constructed in terms of the tensor products on the super- 
algebras G and G' , since the double graded commutators [{Qa,Qb'},Qc\ = fab'c^ Qd' and 
[{Qa,Qb'},Qc'] = fab'd'^Qd do not Vanish. For example, if both G and G' are orthosym- 
plectic superalgebras or unitary superalgebras, one can prove that both [{Qa, Qfe'}, Qc\ and 
[{QaiQb'}iQc'] are not zero by direct calculation [|l^] . 



5. Explicit Examples of New A/^ = 4 Quiver Theories 

The classification of gauge groups of the AA = 4 theories can be found in [^], Q (there 
is a nice summary in [0]). In this section, however, we are able to construct some new 
examples which were neglected in previous classification in the literature by using the ideas 
described in the previous section. 

5.1 Sp{2N) X U{1) X U{M) 

Here we choose the superalgebras G and G' (see ( [4.3| ) and ( |4.4] )) as OSp{2\2N) and 
U{M\1) respectively. The common part of the bosonic parts of OSp{2\2N) and U{M\1) is 
SO{2) = U{1). Some useful U{M\1) commutation relations are (the commutation relations 
of U{M\N) are given by Appendix |B.l|) 

{Qi',Q''} = k'{M/ + [Mjj^i),Qi'] = -Qi', [Mu(^i),Q''] = Q'\ 

[m/,Qu'] = h'''Qv. [m/,Q^'] = -5/Qi\ (5.1) 

where the subscript index i' = 1, . . . M is the index for the fundamental representation of 
U{M), and M[/(i) is the U{1) generator. We have suppressed the U (1) indices carried by the 
fermionic generators. We then identify the U{1) generator Mu^i-^ with the SO{2) generator 
of OSp{2\2N) Mjj (the commutation relations of OSp{M\2N) are given by Appendix fi.2\ ) 
by imposing the following equation 



(5.2) 



Here ejj = —eji and ejg = 1, with i = 1,2 an 50(2) index. With this identification, the 
commutator of M(j(^i^ with a fermionic generator of OSp{2\2N) is given by 

[Mu^^,Q^ = e^Q..; (5.3) 

and the commutators of the 50(2) generator of OSp{2\2N) Mjj with the fermionic gener- 
ators of U{M\1) are given by 

[Mrj,Qr'] = ej-^Q,, [M^,Q''] = -e-i^Q' . (5.4) 

To calculate the structure constants, we define 

Qa = Qii and Qa' = (^^gi'^ = Qi'^la - Q'' ha, (5.5) 

where i = I,-- - ,2M is an Sp{2N) fundamental index. In the second equation we have 
introduced a "spin up" spinor xia = ha and a "spin down" spinor X2a = ha '^)- The 
structure constants fabc'd' can be read from the double graded commutator. 

[{Qa,Qb},Qc'] = fabc''''Qd'- (5.6) 

The double grade commutator can be calculated straightforwardly by using (p.lD, (|5.4|) and 



Appendix |B.2| . The structure constants fabdd' are given by 

fabc'd' = filjj,c'd' = ^^ij^Tjih^ hah/s + (^j'* h/sha)- (5.7) 
Similarly, one can calculate fc'd'ab by using 

[{Qc',Qd'},Qa] = fc'd'aQb- (5.8) 



By requiring fabc'd' = fc'd'ab, k' in the anticommutator of (5.1) is determined to be k' = —k, 
with k defined in the anticommutator in ( p.5| ). 

The structure constants fabcd can be read off from the double graded commutator 
[{Qa,Qb},Qc\ = fabc'^Qd] they are given by 

fabcd = fuJjMji = ''i(^^~khjl - S-iSjJ,)uj..UJj^i - Sj-jSMiuj-k^-i + ^Jf^^jfe)] • (5-9) 

Similarly, we have 

fa'b'c'd' = /■' ' k'i'hahl^h-yhs + i'l' hahjsh-fhs 

+f''^' k'j'hahph-ihs + f''''' j'l'hahph-yhs, (5.10) 
/^■'^'fc/j/ = k{6k'^'6/ - 5/5k'^'). 

It is straightforward to verify that the structure constants (5^), ( |5.9D and ( ^.lOf ) satisfy the 
symmetry conditions ( 2.26| ) and the reality conditions ( 2.27] ), and obey the fundamental 



*Here a is not a spacetime spinor index. In this paper, since we have to label many indices, it is 
unavoidable that some letters will be repeatedly used, but they will be defined explicitly in the sections in 
which they are used. We hope this will not cause any confusion. 
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identities Substituting Q, Q and (|5lo|) into Q, Q and Q gives the 

= 4:,Sp{2N) X C/(l) X U{M) theory. In this realization, the un-twisted multiplets are 
in the bifundamental representation of Sp{2N) x U{1), while the twisted multiplets are in 
the bifundamental representation of U (M) x U{1). In Section |5.4| , we will introduce a more 
general scheme to identify the U{1) factors of the even parts of OSp{2\N2) and U^N^lN^). 
The resulting gauge group will be Sp{2N2) x U{1) x U{Ns) x UiN^). 

5.2 Sp{2N) X SU{2)r x SU{2)l x S0{M) and Other Examples 

The superalgebras OSp{4:\2N) and D{2\l,a) (with a a continuous parameter) are rather 
special for constructing = 4 theories in that both of them contain an 50(4) factor 
in their bosonic parts. A simple observation is the well known decomposition 5*0(4) = 
SU{2)ji X SU{2)l, where the SU{2)r {SU{2)l) generators satisfy an anti-self-duality (self- 
duality) condition. Since several classes of superalgebras contain a simple factor SU{2) (or 
its isometrics Sp{2) and 50(3)) in their bosonic parts, identifying them with SU{2)r or 
SU{2)l in the bosonic parts of the superalgebra 05p(4|2A^) or D{2\1, a) will generate new 
AA = 4 theories. 

In this subsection, we present an explicit example to illustrate this idea. We choose 
G = OSp{4\2N) and G' = OSp{M\2). (The commutation relations of OSp{M\2N) are 
given by Appendix p.2| .) The bosonic part of the superalgebra 05p(4|2A^) contains an 
50(4) factor. Later 50(4) will be decomposed into SU{2)r x SU{2)l. The bosonic part 
of OSp{M\2) includes an Sp{2) factor. It is well known that Sp{2) = SU{2), so without 
loss of generality, we can identify Sp{2) with SU{2)r^ . In other words, we choose 

Sp{2) = SU{2)r (5.11) 

as the common part of the bosonic parts of 05p(4|2A^) and 05p(M|2). Some useful 
commutation relations of 05p(M|2) are 

{Qia^ Qjf}} = k'{eapMj-j + 26i-jMa(3), [2Mal3,Qi-y] = efj^Q-^ + ea-yQip, 

[Mi], Qkal = ^-fkQia - hkQja, (5-12) 

where in the first line we have introduced a factor 2 for later consistence. Here i = 1, . . . , M 
is an SO{M) index, and a = 1, 2 is an Sp{2) index, not a spacetime spinor index (we hope 
this will not cause any confusion). And the useful commutation relations of OSp{4:\N) are 
given by 

i^ij^Qmk] = ^jkQmi + ^ikQmj- (5-13) 

Here m = 1, . . . , 4 is an 50(4) index, and i = 1, . . . , 2A^ an Sp{2N) index. 

To decompose the 50(4) generators, we first introduce a set of 5C/(2)jj x SU{2)i 
(T-matrices as follows 

= (0-l,0-2,0-3,»I), CTmc." = ('^1 ' ^2 , f^S , -«I) , (5-14) 



^Strictly speaking, the set of SU{2)b. generators are related to the set of Sp{2) generators via a complex 



hnear nonsingular transformation (see Eqs (5.19)) 
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where (i = 1,...,3) are pauli matrices. The SU{2)r matrices o"mn and the SU{2)l 
matrices amn are defined as 



1 '1 

= 'liS^m^^n ~ ^n'^rn)» > ^mna — 'ri'^m^ri ~ ^n^m)a j (5.15) 



and they satisfy the 'duahty' conditions 

_ 1 _ _ 1 _ 

Here Emnpq is the totally antisymmetric tensor.^ We decompose the 50(4) generators Mmn 
by defining 



Mtn = \{Mmn ± ^S^npqMpq). (5.17) 



With the above definitions, we have 

Mmn = M+„ + M~„, M^n = ^-^^mnpqMp^, [M+„, M~^] = 0. (5.18) 

Therefore M+„ and M~^, satisfying self-duality and anti-self-duality conditions, must be 
the SU{2)l and SU{2)r generators, respectively. We now connect the set of Sp{2) gener- 
ators Maf3 of 0Sp{M\2) with M~„ via the equation 

= 0"mn"^Ma/3, Or M„/3 = ^M'^amna^- (5.19) 

The above equations are the precise statement of ( ^.ll]) . So it may be more appropriate 
to say that the set of SU{2)r generators are related to the set of Sp{2) generators via a 
complex linear nonsingular transformation. 

One can use the first equation of ( 5.16| ) to verify that (Jmn°^^ also obey the anti- 



duality condition and satisfy the same commutation relations as do. On the other 

hand, we connect M+„ with another set of independent SU (2) generators by the 

equation 

M+„ = Omn'^^M^p. (5.20) 

In summary, we have 

Mmn = M-„ + M+„ = amn^'^M^p + Gmn"^ M^^. (5.21) 

With the non-singular transformations ( ^.19| ), we can recast ( 5.12| ) into the following form: 



{Qia^ Qjp} ~ ^ i^apM^j + dj^jMmn'^mnap)-, {MmniQi'yl ~ ^mn'y Qiai 

[Mi], Qka\ = ^jkQia - ^TkQja- (5-22) 



"Our convention is that £^^34 ^ ^ ^^^^^ ^ ^mnp, 

^We use the invariant antisymmetric tensor e^/j and e^^ to lower undotted and dotted indices, respec- 
tively. For example, a^^^^ = ^i3-yO-l^a~' ^^'^ <^maj = e^^cTma^- The inverse of is defined as e^'' satisfying 
tapt^'^ = Sa'' (similarly e^^e''^ = fc^). 
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Here it is important to note that we can use either ( 5.12| ) or ( 5.22 ) to calculate the structure 
constants faba'b' and fa'b'c'd' ■ The final results are the same. In section we will provide 
an explanation on this. 

Now it is straightforward to calculate the structure constants faba'^' by using Eq. 
(EH): 

[{Qa,Qb},Qa'] = [{QmvQ,,',},Q-^a\ 

= -kuijamna'^Qii3- (5.23) 

In the final line we have used the second equation of ( ^.22 ). Now faba'b' can be read off 
from the above equation immediately: 

faba'b' = fmi,nj:ia,jf^ = -kuJ-jdrjamna^- (5.24) 

The structure constants fa'b'ab can be also read off from [{Qa' ^Qb'},Qa] = fa'b'a^Qb- By 
requiring that faba'b' = fa'b'ab, ^' in ( 5.12| ) is determined to he k' = —^k. 

Since both G and G' are ortho-symplectic algebras, the structure constants fabcd and 
fa'b'c'd' must take the same form as (5.9); they are given by 



fa'b'c'd' - fia,jl3,k-y,T5 " -T^li^ik^jl " ^il^jk)^al3(^-,5 " ^ijhli^aj^l35 + (^aS(^l3-,)]- (5.26) 



fabcd - fmi,nj,pk,qi " Hi^mp^nq " SmqSnp)uJrj^ki " 6mnSpq{uj-.f,UJ.i + UJ-fUJ'.j^)], (5.25) 

It is straightforward to verify that the structure constants (|5.24D , ( ^.25| ) and (|5.26D satisfy 
the symmetry conditions ( p. 26 ) and the reality conditions ( p. 27 ), and obey the fundamental 
identities ( p. 15 ). In verifying the FIs, we have used the identity 

(5.27) 

Substituting (|]2|), (|]25|) and (|5!26|) into (U), (U) and gives the A/" = 4, Sp{2N) x 
SU{2)Ft X SU{2)l X SO{M) theory. In this realization, the un-twisted multiplets are in 
the bifundamental representation of Sp{2N) x 50(4), while the twisted multiplets are in 
the bifundamental representation of Sp{2) x SO{M). 

We now would like to work out the explicit expression of the gauge field A^aj, . Substi- 
tuting the expressions of fcdab and fa'b'ab (see ( ^.24 ) and ( ^.25[) ) into the second equation 
of (3^), the definition of A^ab, we obtain 

A,ab = {A,)^l,^. = kuj^^Al\T;^)rnnHA^,?-\^''^a^\p){T~^U^^^ (5.28) 

where we have used A'^^ = A^''^'' and = and defined Afl^ = uj^A^fi^''^^ and 

j^'ajS ^ d-fjAt!'^'^^ ■ The two sets of matrices {T^q)mn are the vector representations of the 
SU{2)l^r generators -M^, while (T^[)jj are the fundamental representation of the set of 
Sp{2N) generators Mj^f, they are given by 

{'^pq)mn = -^{^mp^nq — ^np^mq i Emnpq), i'T'kdij ~ ~^^ik^ji + '^il^-jk)' (5.29) 
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If fa'b'ab=^i the theory becomes two copies of independent GW theories, and the gauge 
field Afj_ab becomes 

{A^,ah)f,,,,y=o = kuj.-^Al^[{T+Un + (Tp-)„„] + A:5„„4'(T^;)y., (5.30) 
where the matrices 

(.'^pq^TTin ~l~ {'^pq^mn — {j'pq)mn — ^inp^nq ^mq^np (5.31) 

furnish the famihar vector representation of 5*0(4). The RHS of ( 5.30| ) indicates that the 
Chern-Simons levels of SU{2)fi and SU{2)l gauge groups are equal and same in sign. 
Comparing (|]2|) and (|5^ ), we see that the structure constants faba'b' play a crucial role 
in constructing the A/" = 4 quiver gauge theory. Similarly, we obtain the expression of the 
gauge field A^a'b' defined in the last equation of (p^): 

A^a'N = - Al^ap,^'){T,s)ap + e„;3<(rsr)ij]. (5.32) 

Here A'j^^ = e^sA^^^'^^; {T^s)ai3 and [T-^iYfj^ the fundamental representations of M^^ and M^j, 
have similar expressions as that of (T^f)^] and {T,pq)mn (see ( 5.29] ) and ( ^.31D ), respectively. 
Although we set SU{2)r = Sp{2) by Eq. ( |5.19| ), their representations are completely 
different: The set of fermionic generators Q,^i furnish a vector representation of the SU {2)ji 
generators M~^, while furnish the fundamental representation of the Sp{2) generators 

Also, If fa'b'ab=0, the gaugc field A^a'b' becomes 

k X 

(^/ia'f,')/„6„/6/=0 = - 2 (7-7<5)"/3 + (^apA'^\m)ij], (5-33) 

which is just a gauge field of the GW theory. 

Using the same technique, one can also pair G = OSp{4:\2N) with other superalgebras, 
such as 05*^(3 1 2 A^i). In summary, one can pair G = OSp{4:\2N) with 

G' = OSp{M\2), OSp{3\2Ni), PSU{2\2), G3, SU{2\N2), F(4), or D(2|l,a) 

(5.34) 

by identifying SU{2)ji or SU{2)i factor of G with a simple factor SU{2) (or its isometrics 
Sp{2) and 5*0(3)) contained in the bosonic part of G' . 
Finally, one can pair G = I?(2|l, a) with 

G' = OSp{?,\Ni), OSp{M\2), PSU{2\2), G3, SU{2\N2), or F(4) (5.35) 

by identifying SU{2)ji or SU{2)i factor of D{2\\,a) with a simple factor SU{2) (or its 
isometrics Sp{2) and 50(3)) of the bosonic part of G'. 

The pairs of superalgebras G and G' in ( 5.34| ) and (|5.35|) can be used to construct 
the four 3-brackets (2^) and ( p. 12 ) and the four FIs ( 2.15| ). The Lie algebras of the 
gauge groups are just the bosonic parts of G and G' , and corresponding representations 
are determined by the fermionic generators of G and G' . 
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We note that the bosonic part of PSU{2\2) is 50(4), we therefore can identify it 
with the 5*0(4) factor of the bosonic part of OSp{4:\2N) or Z)(2|l,a). The special case 
of PSU{2\'2) paring OSp{4:\2N) is interesting in its own right: First, since the Nambu 
3-algebra can be constructed in terms of PSU{2\2) [^], so the Nambu 3-algebra can be 
a sub 3-algebra of a symplectic 3-algebra; secondly, since the set of 50(4) generators 
of OSp{A\2N) are given by (M+„ + M'^) = Mmn (see (|5^)), while the set of 50(4) 
generators of PSU {2\2) can be converted into (M+„ — M~^) = Mmn [0], so in analogue 
with ( 5.19| ), the two sets of 50(4) generators can be related to each other via the following 



duality equation: 



{Mmn)oSp{A\2N) — ^^mnpqiMpq) psu{2\2)- (5.36) 



Notice also that we can identify the 50(4) factor of the bosonic part of 05p(4j2A^) 
with the 50(4) factor of the bosonic part of Z)(2|l,a), and the resulting gauge group is 
different from the one derived by letting that 05p(4|2A^) and D{2\l,a) share only one 
SU{2) factor. The duality equation for identifying two 50(4) factors can be given by 

-((^mpf^ni} — ^npSmq + /^^mnpg) ( Afp5)o5p(4|27V) = (^mn)z)(2|l,a) (5.37) 

where (3 = 2(1 — a)/(l-|-a). Similarly, the duality equation for identifying the 50(4) factor 
of D{2\1, a) with the 50(4) factor of PSU{2\2) can be given by 

^nq — ^np^mq) + ^mnpg)] (Afpg)p5C/{2[2) — (Mmn) D{2\l,a) ■ (5.38) 

We summarize the three pairs as follows 

(G, G') = {PSU{2\2),OSp{A\2N)), {PSU{2\2), D{2\1, a)), {OSp{A\2N), D{2\1, a)). (5.39) 

Every pair of superalgebras in the right hand side, whose bosonic parts share the common 
factor 50(4), can be used to construct the four 3-brackets ( |2.9| ) and ( ^.12|) and the four 
FIs ( ^ISl) . 

5.3 U{Ni) X U{N2) X ;7(A^3) x UiN^) 

Here we choose the superalgebras G and G' (see and (g^)) as U{Ni\N2) and UiN^lN^) 



respectively (the commutation relations of U{M\N) are given by Appendix BT). We iden- 
tify the U{1) parts of the bosonic subalgebras of U{Ni\N2) and U{N3\N4) by introducing 
the following commutators between the generators of U{Ni\N2) and the generators of 
UiNslN^y. 

m:'',Qfy = C25/Qi, [Mi,^',Q{] = -C2S/q{, 

[Mf,Q/] = 0^6^ Q/, [M.^ Q,,"] = -C4<5.^Q.'", (5.40) 
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where Qf are the fermionic generators of U (A'^i | with i = 1, . . . ,Ni fundamental indices 
of U{Ni) and i = 1, . . . , A^2 anti-fundamental indices of U{N2)] Mf and M-^^ are the bosonic 
generators of f7(A'^i|A'^2); Qn' are the fermionic generators of U{N2,\Ni), with u = 1, . . . , 
fundamental indices of U{N-i) and i' = 1, . . . , anti-fundamental indices of U{Ni); M^" 
and Mj/-^ are the bosonic generators of U{N^\N4); Ci (i = 1, . . . , 4) are arbitrary constants. 

Let us now examine the physical meaning of the first commutator of ( 5.40| ). Writing 
the set of U{N3) generators M^^ as 

(M/)c/(^3) = (M/ - i-5/M^'^)5c/(^3) + (5.41) 



and using the first commutator of (5.40), we find that Qf commutes with the set of SU{N[ 



3) 



generators, while has a nontrivial commutator with the U{1) generator of U{N3), i.e. 



[M/ - ^5u^M^'^,Qf] = 0, [^6^M^^, Qf] = ci6^Qf. (5.42) 



So the first commutator of (5.40) means that the set of fermionic generators of U{Ni\N2) 



Qf are charged by the U{1) part of U{N-i) of the bosonic part of (/{N^lN^); also, it means 
that Qf furnish a nontrivial representation of the U{1) part of U{N^) of the bosonic part 
of {/{N^lN^). The other commutators in ( ^.40 ) have a similar interpretation. 



On the other hand, let us consider the following commutator of U{Ni \N2)- [Mj , Qf] = 
^'i'Qf ■ Contracting on j and k gives 

\^^.Qh = ^- (5.43) 

Namely, Qf are also charged by the C/(l) part of U{Ni) of the bosonic part of f7(A''i|A''2), 
or Qf furnish a nontrivial representation of the U{1) part of U{Ni) of the bosonic part of 
U{Ni\N2). Similarly, Qf furnish a nontrivial representation of the U{1) part of U{N2) of 
the bosonic part of U{Ni\N2). 

So, after identifying the U{1) parts of the bosonic subalgebras of U{Ni\N2) and 
U{N3\N4), both Qf and Qu* have nontrivial commutators with all U{1) generators of 
U{Ni\N2) and UiNslN^). 

We are now ready to calculate the structure constants of the double graded commuta- 
tors. We define 

Qi^hx - Q{hx, (5.44) 

= Qi'^'ha - Qu52a. (5.45) 

where 5i\ = (1,0)''" and 52\ = (0,1)^ are "spin up" spinor {not a spacetime spinor) and 
"spin down" spinor, respectively. Similarly, 5ia and 52a are another independent pair of 
spinors. Using [{Qa,Qh\)Qa'] = faha'^'Qb'^ and the commutation relations of U{Ni\N2) 
and ( p.40| ), we obtain 

faba'b' = -k{ci + C2){S-^df52x5i( + Sj' Sj^ 6ix62^){Sv'^Si'^ Sia62[s + 6^6/ hahp)- (5.46) 
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Using [{Qa') Qb'}, Qa] = fa'b'a'Qb to Calculate fa'b'ab givcs the same result as that of ( 5.46| ) 
except that (ci + C2) gets replaced by (03 + C4). In order for that fa'b'ab = faba'b', we must 
set 

(C1 + C2) = (C3 + C4). (5.47) 

It can be seen that this = 4 theory contains three free parameters. The second FI and 
third FI of do not impose any further constraint on (ci + C2) or (03 + C4) , since for 

example the summation of the first two terms of the second FI of ( |2.15| ) vanishes due to 
the abelian nature of U{1). 

Using [{Qa' ,Qb'},Qc'] = fa'b'd'^' Qd' and the commutation relations of U{N^\Ni^), one 
can calculate the structure constants fa'b'c'd' straightforwardly; they are given by 

i: J^i^k'tVjrjri:^: ^ £ i' I' w v j; j: j: j: 

fa'b'c'd' — Ju w ,1' j' O20OI/3O27O15 + Ju t ; fc' j' 02aOi/30i^025 

+fv-' , l'^i'^Sia62(3S2ySiS + fv^ t ) fc''"i'"<^la'^2/3^l7^2(5 , (5.48) 

where 

f//,k'^i'' = k{5k'''s/6^^6u' - S/6k'''6u''6^'). (5.49) 

Notice that ( ^.49|) are precisely the structure constants introduced first by Lambert and 
Bagger Q to construct an = 6 theory with U{N3) x (/{N^) gauge group. The relation 
between ( p9D and ( p8| ) was first derived in Ref. 0. Since both U{Ni\N2) and U{N3\N4^) 
are unitary super algebras, the structure constants fabcd have a similar expression as that 
of ( |5.48|) ; they are given by 

fabcd = fi\'',i'/S2X^l(S2ph(T + fjl',k'''/^'^^^U^'^P^'2(^ 

/7'^iA^2c52p5i. + ffl ^V'5iA^2€5ip52., (5.50) 



where 



f^f^N - HSf^^f^N - ^N^M)- (5-51) 



We have verified that the structure constants ( ^.46 ), ( |5.48| ) and ( ^.50| ) obey the fundamental 
identities ( p.l5[ ), and satisfy the desired symmetry and reality conditons. Substituting them 
into (U), (13) and (U) gives the A/" = 4, U{Ni) x [/(iVa) x UiN^) x U{Ni) theory In this 
realization, the un-twisted multiplets are in the bifundamental representation of U{Ni) x 
U{N2), while the twisted multiplets are in the bifundamental representation of C/(iV3) x 
U{N4). However, the un-twisted multiplets couple the twisted multiplets nontrivially via 
the structure constants faba'b'- In the special case of ci + C2 = 0, the structure constants 
faba'b' Vanish identically. As a result, the action (|3.4D becomes two uncoupled GW theories. 



5.4 0Sp{N2) X U{1) X UiNs) x UiN^) 

In this subsection we choose the superalgebras G and G' (see (p|) and (U)) as OSp{2\2N2) 
and U{N3\N4) respectively. (The commutation relations of 0Sp{M\2N) and U{M\N) are 
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given by Appendix and |B.l| respectively.) In analogy to Section |5.3| , we identify the 
U{1) parts of the bosonic subalgebras of OSp{2\2N2) and U{N3\N4) by introducing the 
following commutators between their generators: 



[Mi],Qn 



(5.52) 



where are the set of fermionic generators of OS'p(2|2A'^2); with i = 1,2 fundamental 
indices of 5*0(2) and i = 1, . . . , N2 fundamental indices of Sp{2N2); Mjj and M-.j are the 
bosonic generators of OSp{2\2N2); Qu are the set of fermionic generators of U{N^\Ni{), 
with u = l,...,N'i fundamental indices of U{N^) and i' = l,...,Ni anti- fundamental 
indices of U{N4); Mu" and M,/-'' are the bosonic generators of U{N^\Ni); Ci (i = 1, . . . ,3) 
are arbitrary constants; ejj = —eji and ejg = 1- The commutators in ( |5.52| ) have similar 



interpretations as that of section 5.3 



To calculate the structure constants fa'b'ab, we define 




2a, 



(5.53) 



where 6ia = (IjO)"^ and 820 = (0,1)"'" are "spin up" spinor {not a spacetime spinor) and 
"spin down" spinor, respectively. Using [{Qa' ,Qb'},Qa\ = fa'b'a'Qb , and the commutation 
relations of U{N2\N^) and ( 5.52| ), we obtain 



faba'b' = k{ci + C2){6i)'^6i'^ Sia62/S + 6u"Sj'^ S2aSli3)eijUJl 



(5.54) 



One can also use [{Qa,Qb}:Qa'] = faba'^'Qb' to calculate faba'b'- The final expression is of 



course the same as that of ( 5.54 ) after we set 



Ci + C2 = C3. 



(5.55) 



So this M = A theory contains two free parameters. By the same reason as that of Section 
5.3, the second FI and third FI of ( p.l5| ) impose no constraint on (ci + C2) or C3. The 
structure constants fabcd and fa'Vc'd' are the same as ( ^Tg] ) and ( 5.4^ ) respectively, except 
for that here the index a = 1, . . . , We have also verified that all the structure constants 



obey fundamental identities ( 2.15 ) and satisfy the desired reality and symmetry conditons. 
Notice that section 5.1 is a special case of this subsection. Actually, if we set = 1, 
N2 = N and C3 = 1, the structure constants fabcd-, faba'b' and fa'b'c'd' are exactly the same 



as ( |5.9D , (5.7) and ( 5.1C ), respectively. 

Substituting the structure constants of this subsection fabcd-, faba'b' and fa'b'c'd' into 
dJ), (U) and (U) gives the = 4, Sp{2N2) x ^7(1) x U{N?,) x UiN^) theory The 
un-twisted multiplets are in the bifundamental representation of Sp{2N2) x U{1), while 
the twisted multiplets are in the bifundamental representation of U{N-i) x U{N4). 
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6. General M = A Theories in Terms of Lie Algebras 



In this section, we will derive the general A/" = 4 theories in terms of Lie algebras from 
their 3-algebra counterparts. The key point is that we observe that the structure constants 
of 3-algebras can be expressed in terms of tensor products on the superalgebras G and G' . 
Eqs ( [4.26 ) are two examples. 

Recall that the bosonic parts of the two superalgebras (4.3) and (4.4) share at least 
one simple factor or f7(l) factor, and we have decomposed their bosonic generators M" 
and M"' into = (M",M9) and M"' = (M"',M9), respectively. Here = T^^hM^ 
are the generators of the common part, with T^^ a set of complex non-singular linear 
transformation matrices. If T^/j are real and positive difinite, the two Lie algebras spanned 
by and are equivalent. In particular, \i T^^ = 5^h, we have = M^. The 
independent commutation relations of the bosonic parts of the two superalgebras ( |4.3D and 
( |4.4| ) are the following: 

[M",M^] = r^^W, [M^,Mf] = ff\M^, [M"',M^'] = /"'^'yM^'. (6.1) 

Of course, we also have 

[Mf,M9] = ff9hM''. (6.2) 

However, since this equation can be obtained by transforming the second equation of (^ 
by using = T^f^M^, we do not consider it as an independent equation. Accordingly, 
we decompose the structure constants into 

= (r^, /^\), r'^'^' = (r'^'y , Po. (6.3) 

Now the superalgebra ( |4.3| ) is decomposed into 

Qa] = -r^t^'^Qc, [M9, QJ = -T>^^Qc, 

{Qa, Qb} = T^hk^pM" + T^,kghM\ (6.4) 

Similarly, the superalgebra ( |4.4D can be written as 

h 

{Qa' ,Qb'} = k^,^, M^' + ff,,, ~kghM'' . (6.5) 

Using the non-singular transformation = T^i^M^, we are able to recast (^]^) in the 
form 

W\Qa'] = [Af^ Qa'] = -rl,yU:'''''Qc', 

{Qa',Qb'] = T::,,k^'^'M^' + T'a'b'KhM\ (6.6) 



[M°',M^'] = r'^\'M^\ [Mf,M3] = ff\M 



'Here a is not a spacetime index. We hope this wiU not cause any confusion. 
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where 



k. 



gh 



(6.7) 



Since T^h are generally complex nonsingular matrices, the Lie algebra defined by the second 
equation of (|6.6D is generally not equivalent to the one defined by the second equation of 
( |6.5| ). However, the A/" = 4 theories will not be modified if we use ( |6.6D to construct the 
3-brackets. In fact, since we have not transformed the set of fermionic generators Qa' in 
( |6.5| ), the double graded brackets [{Qa' iQb'},Qc'] and [{Qa,Qb},Qa'] will be the same no 
matter we use ( |6.5D or ( |6.6| ) to construct them. As a result, the structure constants fa'b'c'd' 
and fa'b'ab used to construct the TV = 4 theories will also remain the same. For example, 

fa'b'c'^'Qd' respectively, we obtain 



if we use (6^) and ( |6.6D to calculate [{Qa' ,Qb'},Qc 



fa'b'c'd' = ^a'b'ka'P'T^'d' + ^a'b'hh'^c'd' ^"^^ fa'b'c'd' = Ta^b'^a' P'^d d' + '^a'b'Kh'^c'd' (^-S) 

respectively. But it is not difficult to prove that T^a'b'^gh^c'd' ~ '^a'b'^gh'^c'd' using the 
first two equations of ( |6.7D . So they are indeed the same. 

To simplify the expressions of (|6.4|) and (|6.6|), we define ^ 



p--(r^,/^^h,r'''V)' 

= kgh, ka'fS')- 



(6.9) 
(6.10) 
(6.11) 



We now put the superalgebras (6.4) and (|6.6|) together: 



{Qa, Qb} = T^kmnM'^, {Qa',Qb'} = T^^yk^nM'^ 



(6.12) 



where we have used the equations r"^ = r",^, = implied by ( 4.19 ). 

Notice that ( |6.12| ) is merely a compact version of ( |6.4D and ( |6.6D ; in particular, it is 
not necessarily a closed superalgebra due to the set of common generators . In fact, 
because of , the double graded commutator [{QaTQb}TQc'] 7^ 0, i.e. fabc'^' 7^ (see 
the proof in the paragraph containing ( [4.15| )). On the other hand, if ( |6.12| ) is a closed 
superalgebra, then the QaQbQd Jacobi identity must be obeyed (see ( 4.39| )), implying that 
{Qa^Qc'} 7^ 0. Therefore the anticommutator (|4.38D 



{Qa,Qc'} = t,,Mu 

must be nontrivial, in the sense that t"^, 7^ 0. However, the set of bosonic generators are 
not included in M™ (see (|6.9|)), and ( [4.38| ) is not contained in ( |6.12D . So generally speaking, 
(6.12) is not a closed superalgebra. But if we introduce M^, ( [4.38 ) and some other proper 
commutation relations into ( |6.12 ), it is possible to "fuse" the two superalgebras ( |6.4| ) and 



|tLq) into a single closed superalgebra p3|| . 



^Here m, n and p are not SO{4) fundamental indices of Section 5.2. We hope this will not cause any 
confusion. 
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With these notations, if we construct the 3-brackets ( [4.^ ) and ( 4.21D by using ( 6.12| ), 
the structure constants (see (|426| ) and j ^M )) for take the forms 

fabcd = f^mnTj^T^d, fa'b'c'd' = ^mnT^h'^d d' i fabc'd' = fc'd'ab = ^ranT^T^i ,11 ■ (6.13) 

With the above equations, the four sets of FIs ( ^.15 ) can be converted into 

(knpkqjYiC^ s + kqmkspC^ n^T b'^'^ dT / — 0, 

(k k rp"^ -A- k k r'p™ V"'^L-r'?c' ■T-^'^j. — n 

\"'np"'qm'^ s "'qm^'sp'^ nj' b' d' ' j 
(knpkqmC^ s ~\~ kqmhgpC^ n)T b'^'^ d'^ f — 0, 

{knpkqmCP^s + kgrnkspC^^ n)r''^' Vt'^"' d'T^'' f = 0. (6.14) 

They are simply obeyed due to the fact that 

knpkqmC^ s ~\~ kqmkspC^ n — 0. (6.15) 

With ( |6.13| ), the gauge fields (see (|3.2|)) of the A/" = 4 theories become 

i/rf = fabc'd + Affa'b'^d = {AfT2 + AfT^,,)k^nr'''d = A^k^nT'^'d, (6.16) 

A/ a, = Af fabc'd' + Af fa'b'c'd' = {Afr^ + Af T^,,)k^nr'"'' d' = ^™A:^nT"^'d'. 
Following Ref. ||, we define the 'momentum map' and 'current ' operators as follows 

m fya ryb -va rya ib Im m rya' lyb' -im m rya' ib' in 

fJ-AB = ^ab^A'^B-- Jab = ^ab^AV^, fJ'^B = Vb'^A B' ^ AB ^ ^u'V^aVb- \P-^'> 

Substituting ( |6.13| ) and ( |6.16| ) into the A/" = 4 Lagrangian (|3^) gives 



— -h (n"^ -nAB -Im -inAB _ A-m ■inBA\ 
2'^rnn\J y^jtjj T J j^j^J J AB-^ ' 

+ ^fc™n(MABr.\'V'^'^V'''' + /^7^r:,V^>^^) (6.18) 



"'" r< ( ..iT^A ,,pC I ,/mA ,JnB ,JpC \ 

-^(-^mnplfJ- BfJ- CfJ-^ A + f^ A) 
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1^1. U (l^^^nx ryAaryb,,/pB ,,lsC I (^mn\ ryAa' ryb' ,,pB ,,sC \ 
+ ^kmpkns[[T T )abZ ZA^J■^ B + V ^ )a'b'Z C/^ B), 

where Cmnp = kmsknqC^'^p. Substituting ( |6.13D and (6.16) into the TV = 4 supersymmetry 
transformations ( |3.5| ) gives 



dZl = ieA^rj,, 
6Z'{=ieYrl, 

= -I^D^Z^a'' - \krnnT^'''b'Zlll"'''c^A'^ + kmnJ^'^' b' Z^^^ Ae B^ , 

b^A = -rDpZle^"" - h^nr'^^Z'sf^^^ce^^ + k^^r^^^Zy^^ J/ , 

6A^ = ie^^T^jTs + ^e^^^7MiTB- (6-19) 
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Here the parameter obeys the reahty condition (^). The A/" = 4 Lagrangian ( |6.1^ ) 
and super symmetry transformation law ( |6.19| ) are in agreement with those constructed 
directly in terms of ordinary Lie algebra ||5| . 

If both the twisted and untwisted multiplets take values in the same symplectic 3- 
algebra spanned by Tq, i.e. <1>a = ^\ ^"^^ ~ ^% need only one superalgebra G to 
construct the 3-algebra spanned by Tq. It follows that both and are in the same 
representation of the bosonic subalgebra of G; this representation is furnished by the set 
of fermionic generators Qa- In this case, the J\f = 4 supersymmetry is promoted to A/" = 5, 
as first proved in Ref. [^. 

7. Classification oi J\f = A Quiver Gauge Theories 

After working out the example in section ^, it is not difficult to find out the other gauge 
groups. We first review all known examples of A/" = 4 theories. We consider the following 
pairs of super algebras 10|: 



{G,G') = {U{Ni\N2),{U{N2\N3)),{OSp{Ni\2N2),{OSp{Ni\2N3)), 

{OSpiNi\2N2), {OSp{N3\2N2)), {OSp{Ni\2N2), {OSp{2\2N2)), 
{OSp{2\2Ni),{OSp{2\2Ni)). (7.1) 

For every pair, the even parts share at least one common simple factor, hence can be chosen 
as the Lie algebras of the gauge groups. 

It is straightforward to generalize the construction of section |3| by letting that one 
symplectic 3-algebra contains three symplectic sub 3-algebras. And one can realize the 
three sub 3-algebras in terms of three superalgebras. Then the gauge group must be the 
even parts of (Gi, G2, G3), where Gi {i = 1, 2, 3) is a superalgebra selected from the list 

U{M\N), 0Sp{M\2N), OSp{2\2N). (7.2) 

Here we assume that the even parts of Gi and G2 share at least one common simple factor, 
while the even parts of G2 and G3 share at least one common simple factor. For example, 
one can choose (d, G2, G3) as {OSp{Ni\2N2),OSp{Ni\2N^), OSp{N4\2N^)). The resulting 
quiver diagram for gauge groups is 

Sp{2N2) - SO{Ni) - Sp{2N3) - SOiN^). (7.3) 

Or we can set (^1,^2,^3)= {U{Ni\N2),U{N2\N3),U{N3\N4)), and the resulting quiver 
diagram for gauge groups is 

U{Ni) - U{N2) - U{Ns) - UiN^). (7.4) 

In the general case, one can choose the even parts of (Gi, • • • , G„), where Gi {i = 1, ■ ■ ■ ,n) 
is a superalgebra selected from the list (|7.2D ; the even parts of Gi and Gj+i (i = 1, • • • , n— 1) 
share at least one common simple factor js], |l^ . If the even parts of Gi and G„ (with n an 
even number) also share at least one common simple factor, then the linear quiver becomes 
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a closed loop. The linear quiver gauge theories described in this paragraph exhaust all 
known examples of A/" = 4 superconformal CMS theories. 

As pointed out, if one also takes account of the exceptional superalgebras, and 
the isomorphisms of the Lie algebras, there are additional possibilities. We will elaborate 
these ideas by constructing some A/" = 4 theories with new gauge groups. 

Let us first consider the exceptional superalgebras. The even parts of the superalgebras 
F(4), G(3) and D{2\l,a) (with a a continuous parameter) are SO{7) x SU{2) (S0(7) is 
in the spinor representation), G2 x SU{2) and S'0(4) x Sp{2), respectively. Now we have 
the complete list 

U(M\N), OSp{M\2N), OSp{2\2N), F(4), G(3), D{2\l;a). (7.5) 

The superalgebras SU{M\N) and PSU{2\2), the cousins of U{M\N)^ can be also used to 
realize the sympelctic 3-algebra. We therefore may have 

(G, G') = (F(4), SU{2\N2)), (G(3), 5C/(2|iV2)), (G(3), F(4)), (7.6) 
{OSp{Ni\2),D{2\l,a)),{OSp{l\2N),F{A)),{OSp{A\2N),D{2\l,a)). 

Their even parts can be selected as the Lie algebras of the gauge groups. 

It also is possible to construct some new M = A CMS theories by using the four 
isomorphisms of the Lie algebras. We know that the Lie algebra of S0{2>) is isomorphic to 
that of SU{2) and Sp{2), the Lie algebra of S0{5) is isomorphic to that of 5^(4), and the 
Lie algebra of 5*0(6) is isomorphic to that of SU (4). So the pairs of the superalgebras can 
be also chosen as 

(G, G') = {OSp{3\2Ni), OSp{N2\2)), iOSp{3\2Ni), SU{2\N2)), {OSp{3\2Ni), F4), 
{OSp{3\2Ni),D{2\l,a)),{OSp{3\2Ni),G3),{OSp{Ni\2),SUi2\N2)), 
{OSp{Ni\2),Fi),{OSp{Ni\2),G3),{Gs,D{2\l,a)),{F4,D{2\l,a)), 
{OSp{5\2Ni), 0Sp{N2m, {0Sp{6\Ni), SU{4\N2)), {D{2\1, a), SU{2\N2)), 

(7.7) 

and their even parts can be selected as the Lie algebras of the gauge groups. 

Finally, in Section |5|, we have constructed two classes of new A/" = 4 theories by 
requiring the U{1) parts of the even parts of G and G' are identical; they are given by 

(G,G') = {{OSp{2\2N2),U{N-i\Ni)),{{U{Ni\N2),U{Ns\Ni)). (7.8) 

The other classes of new AA = 4 theories in Section ^ are given by the lists ( |0^ ) and 
dOHl). 



In summary, one can use the constructions of the previous paragraphs in the general 
case (Gi, • • • , G„), where any adjacent pair Gj and Gj+i (i = 1, • • • , n — 1) is selected from 
(|7l| ), Q, (|73), dZD, dil), dPI) or (|5^ . Namely, the even parts of Gi and Gi+i 



share at least one common simple factor or U{1) factor; or at least one simple factor of the 
even part of Gj is isomorphic to one simple factor of the even part of Gj+i, even they may 
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be in different representations. The Lie algebra of the gauge group is just the even parts of 
the superalgebras (Gi, • • • , Gn), and the representations are determined by the fermionic 
generators. If n is even, then Gi and G„ may also share one common bosonic parts, i.e. 
Gi ~ Gn may form a closed loop 

8. Conclusions and Discussion 

In this paper, we have identified a special class of 3-algebras called double-symplectic 3- 
algebras used to construct the general M = 4 quiver gauge theories, and showed that its 
consistent contraction gives a class of 3-algebras called A/" = 4 three-algebras, which can 
be also used to construct the general A/" = 4 theories. 

We then have used two superalgebras whose bosonic parts share at least one simple 
factor or U{1) factor to construct the four sets of 3-brackets ( |1.2[) and ( |1.3[) and the four 



sets of FIs (2.15) defined on the two sub symplectic 3-algebras in the M = A theories. We 
have also generalized the construction to the more general A/" = 4 quiver gauge theories 
in which more than two sub 3-algebras are used. We have not only rederived all known 
= 4 theories, but also constructed many new classes of AA = 4 quiver gauge theories 
(see Sec. |5| and Sec. ^). Especially, if the common parts of the bosonic parts of two 
superalgebras are U{1) factors, the resulting TV = 4 theories can contain free parameters. 
We have constructed two infinite classes of new theories of this kind (see Sec. and 
Sec. |5.4| ). It would be interesting to see whether or not there are further constraints 
imposed on these free parameters if we quantize these theories. The general Af = 4 quiver 
theories in terms of ordinary Lie algebras have been also constructed from their 3-algebra 
counterparts. Taking account of the new A/" = 4 theories, we have been able to achieve a 
new classification of all possible A/" = 4 quiver gauge theories in Sec. |5.4| ). 

Most of gravity duals of these = 4 quiver gauge theories have not been constructed 
yet. It would be nice to study the quantum properties of these = 4 quiver gauge theories 
and to construct and study the corresponding gravity duals. 

Finally, we know that it was demonstrated that generic Chern-Simons gauge theories 
with or without (massless) matter are conformally invariant even at the quantum level 



1 16, 17, 15, 1£, En]. It would be interesting to examine the conformal invariance of these 



A/" = 4 quiver gauge theories at quantum levels. 
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A. Conventions and Useful Identities 

The conventions and useful identities are adopted from our previous paper |12]. 
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A.l Spinor Algebra 

In 1 + 2 dimensions, the gamma matrices are defined as 

(7^)a^(7.)/ + (7.)a^(7M)7^ = ^V.uSj- (A.l) 

For the metric we use the (—,+,+) convention. The gamma matrices in the Majorana 
representation can be defined in terms of Pauh matrices: (7//)a'^ = {i(^2,o'i,a3), satisfying 
the important identity 

(7M)a^(7.)7^ = V>.uSj + e^^xilV- (A.2) 

We also define e'^^'^ = —e^iix. So e^i,\eP^^ = —26^^. We raise and lower spinor indices 
with an antisymmetric matrix e^^ = —e'^^, with ei2 = —1. For example, xi'" = e"^ip[^ 
and = e/37(7^)a'^, where ipfs is a Majorana spinor. Notice that = {l,—a'^,a^) are 
symmetric in a/3. A vector can be represented by a symmetric bispinor and vice versa: 

Ao,fi = A^^^^, A^ = -]pfA^p. (A.3) 

We use the following spinor summation convention: 

V'X = V'°Xa, ^7,.X = V'"(7m)/x/3, (A.4) 

where -0 and % are anti-commuting Majorana spinor s. In 1 + 2 dimensions the Fierz 
transformation reads 

(Ax)V = -\mx - ^(A7.V')7"X- (A.5) 

A.2 SU{2) X SU{2) Identities 
We define the 4 sigma matrices as 

(7%-^ = ((J^a^(J■^a), (a.6) 

by which one can establish a connection between the SU{2) x SU{2) and iS'0(4) group. 
These sigma matrices satisfy the following Clifford algebra: 

a A C 'T A c = ■^O OA , {■^■') 

C J) B I „&t C„a B nxoiir B / A Q^ 

<y A C +<y A <y C =26 Qj^ . (A.8j 

We use anti-symmetric matrices 

^AB = -e^' = (^J and c^^ = -e^^ = (^^^ (A.9) 

to raise or lower un-dotted and dotted indices, respectively. For example, a"-^^^ = 
^AB^a] ^B ^aBA _ ^BC^a^A rjij^g sigma matrix cr" satisfies a reality condition 

af B RC^ a B ^a\AB ^aBA i' A 1 

(y A ~ ~^ ^AB^ C 1 or (J ' = —a . (A.iUj 
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The antisymmetric matrix cab satisfies an important identity 

eABe^^ = -{^a^Sb'' - <5a^<5b^), (A.ll) 

and e^^ satisfies a similar identity. 

The parameter for the M = 4 supersymmetry transformations is defined as e^^ = 

B. The Commutation Relations of Superalgebras 

B.l U{M\N) 

The commutation relations of U{M\N) are given by 



w 



{Qu'\Q/} = Kd/'Mu" + S^M/), (B.l) 

where Qu*' carries a U (M) fundamental index n = 1, • • • ,M and a U{N) anti-fundamental 
index i' = 1, • • • ,N. Here we have 

Qa' = ^ ~ Qi'^ha — Qu ^20, (B.2) 

In the second equation of ( |B.2| ), we have introduced a "spin up" spinor xia and a "spin 
down" spinor X2a, i-e., 

Xla = = ha and X2a = = ^2a- (B.3) 

And the anti-symmetric tensor ojab and its inverse read 



With ( p^ and ( p^ ), the superalgebra ( |B?lD takes the form of (|^ or (gj). 
B.2 OSp{M\2N) 

The superalgebra OS'p(M|2iV) reads 

[Mjj,Qrk] = S]-kQrk-^ikQrk^ 

{Q^, Qjj} = k{u;..M^- + %M..), (B.5) 



""Here the index a is not a spacetime spinor index. We hope this will not cause any confusion. 
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where i = I,-- - ,M is an SO{M) fundamental index, and i = I,-- - ,2N an Sp{2N) 
fundamental index. Here we have 



Qa = Qn and UJab = - = 5ijUJ... 



(B.6) 



Now the superalgebra (B.2) also takes the form of (|4.3|) or ([4.4^. 
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